By introducing auxiliary functions, we investigate the oscillation of a class of second-order subhalf-linear neutral impulsive differential equations of the form r t φ β z t p t φ α x σ t 0, t / θ k , Δφ β z t | t θk q k φ α x σ θ k 0, Δx t | t θk 0, where β > α > 0, z t x t λ t x τ t . Several oscillation criteria for the above equation are established in both the case 0 ≤ λ t ≤ 1 and the case −1 < −μ ≤ λ t ≤ 0, which generalize and complement some existing results in the literature. Two examples are also given to illustrate the effect of impulses on the oscillatory behavior of solutions to the equation.
Introduction
Impulsive differential equations appear as a natural description of observed evolution phenomena of several real-world problems involving thresholds, bursting rhythm models in medicine and biology, optimal control models in economics, pharmacokinetics, and frequency modulates systems 1-5 . In recent years, impulsive differential equations have received a lot of attention.
We are here concerned with the following second-order sub-half-linear neutral impulsive differential equation: where β > α > 0, z t x t λ t x τ t , t ≥ t 0 and θ k ≥ t 0 for some t 0 ∈ R, {θ k } ∞ k 1 is a strictly increasing unbounded sequence of real numbers, φ γ u |u| γ−1 u for γ > 0, and
Let PLC J, R denote the set of all real-valued functions u t defined on J ⊂ t 0 , ∞ such that u t is continuous for all t ∈ J except possibly at t θ k where u θ
We assume throughout this paper that a r t ∈ C 1 t 0 , ∞ , R , r t > 0 and
d q k is a sequence of nonnegative real numbers;
By a solution of 1.1 we mean a function x t defined on T x , ∞ with T x ≥ t 0 such that x, z , z ∈ PLC t 0 , ∞ , R and x satisfies 1.1 . It is tacitly assumed that such solutions exist. Note the assumption Δx t | t θ k 0; we have that each solution of 1.1 is continuous on t 0 , ∞ . As usual, a nontrivial solution of 1.1 is said to be oscillatory if it has arbitrarily large zeros and nonoscillatory otherwise. Equation 1.1 is said to be oscillatory if its every nontrivial solution is oscillatory.
Compared to equations without impulses, little has been known about the oscillation problem for impulsive differential equations due to difficulties caused by impulsive perturbations 6-17 .
When β 1, r t ≡ 1, and λ t ≡ 0, 1.1 reduces to the following sublinear impulsive delay equation:
which has received a lot of attention in the literature. However, for the general sub-halflinear neutral equation 1.1 under the impulse condition given in this paper, little has been known about the oscillation of 1.1 to the best of our knowledge, especially for the case when
The main objective of this paper is to establish oscillation criteria for the sub-half-linear impulsive differential equation 1.1 in both the case 0 ≤ λ t ≤ 1 and the case −1 < −μ ≤ λ t ≤ 0. By introducing an auxiliary function g ∈ C 1 t 0 , ∞ and a function H t, s defined below, we establish some new oscillation criteria for 1.1 which complement the oscillation theory of impulsive differential equations. Examples are also given to show the effect of impulses on oscillation of solutions of 1.1 .
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Main Results
where
Proof. Suppose to the contrary that 1.1 has a nonoscillatory solution x t . Without loss of generality, we may assume that x τ t > 0 and x σ t > 0 for t ≥ t 1 ≥ t 0 . The case x t being eventually negative can be similarly discussed. From 1.1 , we have that
Based on the impulsive condition Δφ β z t | t θ k ≤ 0, we can deduce that r t φ β z t is nonincreasing on t 1 , ∞ . We may claim that z t > 0 holds eventually. 
2.14
On the other hand, by the given impulsive condition, we get
2.15
2.16
we see from 2.7 , 2.8 , and 2.15 that
2.17
Substituting 2.17 into 2.14 yields
which contradicts 2.2 . This completes the proof. 
R β t α g t p t dt
where R β t is defined as in Theorem 2.1, then every solution of 1.1 is either oscillatory or tends to zero.
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Proof. Suppose to the contrary that there is a solution x t of 1.1 which is neither oscillatory nor tends to zero. Without loss of generality, we may let x τ t > 0 and x σ t > 0 for t ≥ t 1 ≥ t 0 . Thus, r t φ β z t is nonincreasing for t ≥ t 1 . As a result, z t and z t are eventually of constant sign. Now, we consider the following two cases: i z t > 0 eventually; ii z t < 0 eventually. For the case i , similar to the analysis as in the proof of Theorem 2.1, we have z t > 0 eventually and 2.6 holds. Notice that x t z t − p t x τ t ≥ z t because p t ≤ 0; from 1.1 and 2.6 , we get
Following the similar arguments as in the proof of Theorem 2.1, we can get a contradiction with 2.19 . For the case ii , assume that z t < 0 for t ≥ t 2 ≥ t 1 . It must now hold that τ t < t for t ≥ t 2 . Let us consider two cases: a x t is unbounded; b x t is bounded. If x t is unbounded, then we have
2.21
On the other hand, there exists a sequence {T n } satisfying lim n → ∞ T n ∞, lim n → ∞ x t ∞, and max T 1 ≤t≤T n x t x T n . Let t n be sufficiently large such that T n > t 2 and τ T n > T 1 . Then, we have max τ T n ≤t≤T n x t x T n which contradicts 2.21 . If x t is bounded, then we can prove that lim t → ∞ x t 0. In fact,
2.22
which implies that lim t → ∞ x t 0 since 1 − μ > 0. This is a contradiction. Proof. Suppose to the contrary that 1.1 has a nonoscillatory solution x t . Without loss of generality, we may assume that x τ t > 0 and x σ t > 0 for t ≥ t 1 ≥ t 0 . Similar to the proof of Theorem 2.1, we have that 2.12 holds. Multiplying H t, s on both sides of 2.12 and integrating it from t 3 to t, we get
